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Abstract 

General Hardy-Carleman type ineqnalities for Dirac operators are prov¬ 
ed. New inequalities are derived involving particular traditionally used 
weight functions. In particular, a version of the Agmon inequality and 
Treve type inequalities are established. The case of a Dirac particle in a 
(potential) magnetic field is also considered. The methods used are direct 
and based on quadratic form techniques. 
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1 Introduction 

In a recent work [DESOO] (see also [DEDV07) and [DELV04] ) of J. Dolbeault 
et al. it was proved a version of Hardy type inequality related to the Dirac 
operator describing the behaviour of a spin 1/2 particle with non-zero rest mass 
under the influence of an electrostatic potential q. Namely, for a given scalar 
potential q satisfying 

q{x) —>■ 0, PI —>■ oo, 

-A - Cl < q{x) < C 2 = sup q{x) 

with (a parameter) v £ (0,1) and ci, C 2 £ M, there exists a value p in the interval 
(—1,1) such that the inequality 

f q\<p\^dx<f (+ {I - n) \ip\A dx (1.1) 

holds true for all functions ip in the Sobolev space 14^2^ ; C^). In uni) V(p 

denotes the distributional gradient of (/?, tr = (cti, (72, o’s) being the triplet of 
Pauli matrices 



1 









is in fact taken as the smallest eigenvalue of the Dirac operator 


H = —ia • V + /3 + g, 


where a = 
as 


(ai, a 2 , as) and the matrices /3, a.j € M 4 x 4 (C), J = 


0-1 


0 cr, 

CTj 0 


,/3 


Id 0 \ 

0 -Id J ' 


1,2,3, are defined 


(Id is the identity matrix in C^). As a consequence, in the case of the Dirac- 
Coulomb Hamiltonian H, that is, when q(x) « l/|a^|, a simple limiting argument 
yields to the following Hardy type inequality 


[ f 

Jr^ fI \ 1 + ]^ 





( 1 . 2 ) 


which can be interpreted also as a relativistic uncertainly principle for H. 

The mentioned inequalities (ED and (ED allow in a natural way to describe 
distinguished self-adjoint extensions of Dirac operators with certain singularities 
of the potentials [EL07| . It should be mentioned that they are also useful in 
the study of spectral properties of Dirac operators especially relevant to the 
problems of scattering theory as, in particular, to get information about the 
behaviour of the resolvent nearly to the continuous spectrum, in proving of the 
limiting absorption principle and others. 

Our main purposes is to prove Hardy type inequalities for Dirac operators in 
more general setting involving arbitrary weight functions. By a Dirac operator 
we mean a first order partial differential operator with constant coefficients of 
the form 

n 

H = Y^a,D,+p, (1.3) 

1=1 

Dj =—id / dxj (j = l,...,n), a; = (cci,..., a;„) G M", (j = 1,..., n) and 
P are m x m Hermitian matrices which satisfy the Clifford’s anticommutation 
relations 


ajak+akaj = 25jk (j,k = ajP+Paj =0 (j = l,...,n), = 1, (1.4) 

m = 2"/^ for n even and m = for n odd; 5jk denotes the Kronecker 

symbol (5jk = 1 if j = k and 5jk = 0 if fc). The Dirac operator H is usually 
considered acting in the space L 2 (M";C™) defined on its maximal domain the 
Sobolev space C™). However, to cover some more general situations, 

also important in applications or by themselves, it will be also assumed that the 
operator H is defined on an arbitrary (open) domain D in K". In those cases as 
a domain of H is certainly taken the Sobolev space of functions defined on D. 

Our aim is to describe conditions on the weight functions a, b under which an 
inequality of the form 

c||au|| < ||6iJu||, u €T>, (1-5) 

holds true for a suitable class of functions u G T>,c being a positive constant 
depending only on a, b and, eventually, D. We assume that a and b are suffi¬ 
ciently smooth functions, it will be enough to consider a,b to be of class C^. 
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In (ll.5|) II • II designates the norm on L 2 (K";C"*). We call estimates like that 
in (II.5|) as Hardy-Carleman type inequalities. Inequalities of this kind related 
mostly to the Laplace operator are also named weighted Hardy inequalities 
or weighted Poincare-Sobolev inequalities or weighted Friedrichs inequalities as 
well. We emanate the classical Hardy inequality for Dirichlet form (see, for 
instance, |Maz85| or |Dav99| and [KMP07) for a history on the subject and 
farther references), and the remarkable inequality due to Carleman stated in 
|Car39| in connection with the unique continuation property for second order 
elliptic differential equations. Apart from the already mentioned works (there is 
a vast literature on the topic), we refer to [ABG82) (see also |ABG87| L |Hor07| . 
|Hor88| . |.Ter86| . |.TK85| . and the references quoted there. 

In spite of the fact that the Laplace and Dirac operators are closely connected 
with each other, however, they behave quite differently, and the methods prop¬ 
erly for the Laplace operator are no longer applicable to the Dirac operators 
case. Nevertheless, as is shown in this paper, some of traditional methods can 
be refined to be available also for Dirac operators. Compared to the Laplace 
operator case, the subject concerning Dirac operators, to the best of our knowl¬ 
edge, has beed studied rather sparingly in the literature. We mention the work 
|,Ter86| in which certain Carleman inequalities for the (massless) Dirac operator 
are established. 

The paper is organised as follows. In Section [5] we discuss general weight in¬ 
equalities for the Dirac operator defined by (11.31) and (m. Conditions on the 
weight functions a, b are given in order that an inequality of the form (11.51) 
hold true. The proofs are based on quadratic form techniques. In Section [3] 
there is established a Carleman inequality for the particular case, but useful in 
applications, of radial weight functions. Section U] contains concrete Carleman 
type inequalities that are derived from general results by handling special tra¬ 
ditionally used weight functions. In this way a version of the Agmon inequality 
and Treve type inequalities are obtained as particular cases of the general in¬ 
equalities. In Section Owe prove an inequality with power like weight functions 
for which the approach applied previously is not available. The arguments in 
the proof of the corresponding Hardy-Carleman inequality use eigenfunctions 
expansions by involving spherical harmonic functions. Finally, in Section 0 the 
results are extended to the case of the Dirac operator describing a relativistic 
particle in a potential magnetic field. 


2 General Hardy-Carleman inequalities 

In this section we discus general weight inequalities of the form dLH). In order 
to make use our method for the proof it is always required that the weight 
functions a, b to be of class . We describe conditions under which (11.51) hold 
true for a suitable class of functions u G V. 

It will be convenient to work in polar coordinates (r, w) G (0, oo) x : r = |a:|, 
oj = a;/|a;| for x ^ 0. Denoting ojj = Xj/|a:| (j = 1, ...,n), the coordinates of cu, 
we have ^ ^ 
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where ^Ij is a vector-field on the unit sphere S'” ^ satisfying 


i=i i=i j=i ^ 


Let 


then 


n 

a = 

i=i 


i=i 


^ = '%))+/3 = 


= -*H ^ H + ^ = 


i=i 


i=i 


i.e., 


^y X ^ 


i=i 


(9 

i=i 


It is easy to see that 


( 2 . 1 ) 


= I] = im CXjOL]^U)j(jJk — Ij 


\j=^ 


j=l k=l 


and 

n n n 

CXjCXk^j^k — 

i=i i=i fc=i 

n n 

— ^ J 1 ^3 ^ ^ ^ J ^ ^ J J I ^ j ^ k ^3 fc ~f ^ ^ ^ 1 ^ — 

i=l i5^fe i=l 3<k j>k 

— ^ ) rTjrTfca^jdlfc -|- ^ ) ( otjOtk^^k^j — 
j<k j<k 

— ^ ) OtjOtki^^j^k ^k^j')- 
j<k 


We let 


L = 


^ ) CTj Ofc (ca^ H/j; UJk^j^t 
j<k 


an operator acting only in the w variables, then 


iSiJ = iS 



QJjdlj + /3^ - 
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( 2 . 2 ) 


i.e., 


Note that 


= + r + iaP, 

or 


iaH = — + r ^L + iap. 
or 


T — I ^ ^ 

Lj — ^ ^ OijOi]^ 1 Xj ^ X]i 


j<k 


dxk 


dx^ 


that follows immediately from the relations 


d 


d 


^ dxk 


'dx, ^ 


d 


Xf^ r. - r\ X ^k 1 ^k ( ^7 r\ X | - 


' dx 


d 


„-lf 


dx 


^ o ^ o 

= rWjWfe— A-ojjilk - xukUJj— - uJkilj = 

— LO j 12 Tc ^ k ■ 

Returning to the inequality (11.51) we put 

V = bu 


and observe that for any smooth function ip one has 

= (2.3) 

1=1 ^ 

where [id, p\ denotes the commutator of H and </?, viewing simultaneously p as 
the multiplication operator by the function p. 

Using the obtained relation (12.31) we can write 


bH = Hb + i 

1=1 



or 

bHb-^ ^H + iB, 

where 

,2.4, 

1 = 1 J 

Thus, the inequality (Hm reduces to the estimation from the below of the 
quadratic form 

h[v] = ||(id + iB)v\\'^ 

on suitable elements v. 

Let us start with the case of the Dirac operator considered on K". Using the 
polar coordinates, by m and (|2.2I) . h\v\ can be represented as follows 




n \ 

ajQ,j + /3 + iB{xuj) I 
j=i j 


2 


V (rw) 


dx duj 
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/ 


0 


d 


—jS— -*r ^ 0-3^3 + (5 + iB [roj) 1 v (rcj) 

J=i / 


/o JS"-1 


9r 

_a 

dr 


dr duj = 


+ r + idp — dB (roj) I v {roj) 


dr duj. 


Letting r = e* we have 


_a _ 

dr~^ dt' 


and then 
h[v] = 


oKn-2) 


d 

— + L + id(3e* — dB {e*uj) e* j v {e*uj) 


dt dw. 


^ — oo J S'^ ^ 

In order to remove the exponent in the expression on right-hand side, we let 
v{t,w) = e''*v (e*w) with 2v = n — 2 
and, taking into account that 


e-^‘ = = e-'* 

dt 


Ft 


we obtain 
h[v] = j 

It follows 


— oo J S'^ 


d n — 2 


dt 


+ L + id/3e* — dB {e*uj) e*j v {t, lu) 


dtdui. 




+ 


> —oo J ^ 
roo p 

-oo JS'^~ 


h[v] = j f 

J — OO JS'^~^ 

L + idpe* — dB (e*a;) e* — 


dt du;+ 
(n-2) 


v{t,u}] 


dt duj+ 


—id/de + d 




dt 


V {t, w), V {t, uj) ) dt dui 


((•,•) denotes the scalar product in C"*). 

In this way we obtain the following estimation 


h[v] > 


— OO J S'^ 


where 


G{t, uj) = —id/de* + d 


{G(t, uj)v{t, U!),v(t, uj)) dt duj, 
5(S(e‘a;)e‘) 


(2.5) 


dt 


The form on the right-hand side of (12.51) can be further transformed as follows 
(note that d/dt = rd/dr) 


{G{t,uj)v{t,uj),v{t,uj)) dtdui = 


' —OO J 
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f f e'^''*{G{t,uj)v{e*uj),v{e*uj)) dtdu! = 
J — oo J 

d{B{ru!)r) 


' —OO JS'^~ 

„n—2 


/O 


—iajdr + ar 


„n-i/„-i 


/o JS" 


r —iafd + a 


dr 

d{B{ruj)r) 

dr 


v{rijj),v{ru))jr ^ dr doj = 
b{rujYu{ru))^ u{roj) ) drdw. 


Now, wishing to involve the weight function a we require that the matrix-valued 
function 

M{r,oj) = r~^ ^ b{ru:Ya{ruj)~'^ (2.6) 

is positive definite (with respect to the quadratic forms) uniformly with respect 
to r and w, that in fact means 


{M{r,u})u{ruj),u{ru})) > c\u{ruj)\'^ 


(2.7) 


for a positive constant c independent of u,r and w. Under this condition there 
holds 

r'^~^\a{ru})u{ru:)\^ dr duj = c / \a{x)u{x)\^ dx, 

that leads to the desired inequality (ira. For, as is seen, V can be taken the set 
of all functions u belonging to the Sobolev space W 2 (K"; C™) having compact 
support in R"’\{0}. 

We summarize the above discussion in the following theorem. 

Theorem 2.1. Let a, b be positive functions of the class (7^ for which the con¬ 
dition is fulfilled. Then for any function u belonging to the Sobolev space 

W 2 ^(K.";C’”) and having a compact support in the set IR.”\{0} the inequality 
(113 holds true with a positive constant c depending only on a and b. 

Remark 2.2. The above arguments remain valid for the Dirac operator H 
considered on an arbitrary open domain U. The functions u in (11.51) must be 
then taken in the Sobolev space kF 2 ^(il;C'”) having compact supports in the 
set D, respectively, in D\{0} if 0 G U. Incidentally, the condition (12.71) should 
be fulfilled on D. Note that the condition (ED) can be interpreted as that 
determining LI on which the inequality holds true. 



The inequalities like one as in can be called general Hardy-Carleman 

inequalities or, simply, Carleman type Inequalities. Various Carleman type in¬ 
equalities can be derived by choosing suitable weight functions a, b defined on a 
domain LI in R". In the remainder of this section we confine ourselves to make 
some remarks still concerning on general situations of Carleman inequalities. 
Concrete Carleman type inequalities and further remarks will be given in the 
next sections. 

Let the weight functions a, b be chosen satisfying 

b{x) = \x\^^‘^a{x), X € LI (2-8) 
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for a given (open) domain f2 in K”. Then 


M{r,u}) 


—iaj5 + a 


d{B{ru})r) 

dr 


(2.9) 


and, in order to establish a Carleman inequality for this case, we have to look 
that the matrix-valued function M (r, oj) given by (12.91) to be positive dehnite 
uniformly on 17. To this end it should be noted that the matrix —idj3 is symmet¬ 
ric and has only two eigenvalues ±1 (the point is that, additionally, (—ia/3)^ = 1 
and —idp ^ ±1)- It is clear that the condition (12.71) will be fulfilled if the eigen¬ 
values of the matrix 


Mo(r,a;) 


= a 


d(B(ruj)r) 

dr 


are situated on the right-side of 1, and if 


d = inf(A™„(r,w) - 1) > 0, 

r,oj 


( 2 . 10 ) 


where Xminir,uj) is the least of eigenvalues of Mo(r,u!). Obviously, Xmin{T,u}) 
can be chosen depending continuously on r and w, provided that the function b 
is of the class C^. 

Thus, we can formulate the following. 

Corollary 2.3. Let a,b be functions of the class satisfying (12.81) on a given 
open domain 17 in K.", and suppose that the condition (12.101) is fulfilled. Then, 
for any function u in the Sobolev space having its compact support 

in the set 17\{0}, there holds the following ineguality 


c / \a{x)u{x)\‘^ dx < / \x\\a{x)Hu{x)\'^ dx (2-11) 

Jq Jq 

with a positive constant c which can be taken equal to d (d being defined by 

(l2T0l) l. 

Remark 2.4. In case the domain 17 is bounded the factor |x| in (12.111) can be 
omitted by changing suitably the constant c. 


3 The case of radial weight functions 


Throughout this section we suppose that the weight functions a, b depend only 
on the radial coordinate r, r = |a;|. For this case the conditions like (12.7p . being 
crucial for the fulfilment of a desired Hardy-Carleman type inequality, became 
considerably simpler. So, ii b = b{r) depends only on the radial coordinate r, 
then 


db 

dxj 



b'{r)u}j, 


and, by (12.41) . one has 


n 

B{r) = b{r)~^ '^ajb'{r)ujj = b(r)~^b'{r)d, 
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B{r) = b{r) ^b'{r)a. 


i.e., 


Hence, 


i.e. 


Mo{r, uj) = a 


d{B{r, uj)r) 
dr 


( 6 (r) ^h{r)r)\ 


Mo(r, w) = (6(r) '^b [r)r)\ 


Thus the matrix-valued function MQ(r,uj) reduces in fact to a scalar function 
depending only on r. If, in addition, the weight functions are connected between 
themselves by the relation ( 12 . 8 L then the condition ( 12.1011 becomes as follows 


c := inf(( 6 (r) ^b (r)r) — 1 ) > 0 , 

r 


(3.1) 


which, certainly, ensures the fulfilment of the inequality (113 with the constant 
c determined as above. 

A particular case of just mentioned inequality can be obtained by taking 

= and b{x) = x^O 

with r > 0 as a parameter, and ip being a function of the class depending 
only on the radial coordinate r. For this case we have 

{b{r)~^b (r)r) = = 

= t{p {r)r) = t{p {r)r + p{r)), 

{b{r) ^b {r)r) = t{p {r)r + p{r)). 


Now, it is clear that the condition (E3D is verified by assuming ry — 1 > 0 , 
where 


7 = inf{p"(r)r + p'{r)) > 0 (on Vl) 


(3.2) 


Thus, the following assertion can be made. 

Theorem 3.1. Let p be a function of class depending only on the radial 
coordinate r and satisfying (IS 2 D on a given open domain LI in R". Then, for 
any function u in the Sobolev space Wf{Ll;C™) having its compact support in 
LI \ {0}, the following Carleman type ineguality 

c[ \x\-^e'^^^<'^^\u{x)fdx< [ e^^^^^^\Hu{x)fdx 

Jq Jq 

holds true for r > 7 “^ (in particular, for sufficiently large t) and a positive 
constant c depending only on r and p. 
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4 Example of Hardy-Carleman inequalities 


In this section we derive concrete Hardy-Carleman inequalities by handling spe¬ 
cial frequently encountered weight functions. We restrict ourselves to consider 
the Dirac operator describing a relativistic particle with negligible mass. In this 
case the term H containing /3 is absent. In order to distinguish this special case 
the Dirac operator will be denoted by Hq, so 

n 

Hq = OijDj 

with all attributed conditions as in general case. For the sake of simplicity, 
in what follows, we will always consider the operator Hq on the whole space 
R", that is acting in the space L 2 (R";C™) on its domain the Sobolev space 

Hardy-Carleman type inequalities will be established for the operator Hq by 
choosing suitable weight functions depending only on radial coordinate r. Under 
the hypotheses made above the matrix-valued function M (r,uj), as it was already 
mentioned before, reduces to a scalar function depending only on r, we denote 
it by M{r). Namely (cf. Section [3]), 

M{r) = r~^{b{r)~^b'{r)ryb{r)^a{r)~‘^. 

Example 4.1. Now, letting 

b{x) = {l + \x\^y/^ r>0, 

we have 

r“^(6(r)“^6'(r)r)'6(r)^ = 2r(l + 

If we take 

a(r) = (l + r2)("-2)/2, r > 0, 

we obtain that 

M{r) = 2r > 0. 

Thus we have proved the following inequality 

2r / (I+ \x\'^Y~'^\u{x)\^ dx < f {1 + \x\'^y\HQu{x)\'^ dx, (4.1) 

JR" JR" 

for all T > 0. 

In (14.1|) and in all considered further inequalities as well, it is assumed that the 
function u belongs to the Sobolev space kF 2 ^(]R";C™) having compact support 
in the set R”\{0}. 

The following particular cases, namely 

2 f (1-I-da; < f {1 + \x\'^)\Hqu{x)\'^ dx, (4.2) 

JR" JR" 
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for T = 1, and 


4 f \u{x)\'^ dx < j {1 + \x\'^)\Hou{x)\'^ dx, (4.3) 

JR" JR” 

for T = 2, are important in applications and by themselves. The inequality 
(14.21) can be named as an Agmon type inequality (cf. |Agm75| ) whereas (14.3p as 
a Hardy type inequality for the Dirac operator Hq. 

Example 4.2. Next, we consider 

b{x) = r > 0, a G R, a 0. 

In this case 

h{r) = b'{r) = (r/2)ar“-ie"’’“/^ 

and 

from which it is seen that it can be taken 

a(r) =r(“-2)/2e^^“/2, r > 0. 


Then 


M{r) = Tc? 12 > 0, 

and, thus, we obtain the following inequality 


(aV/2) [ f \Hou{x)\^ dx, (4.4) 

JR" JR" 

for T > 0 and a G R \ {0}. 

The following useful inequality 


(t/2) f |a:| \u{x)\‘^ dx < f \Hou{x)\^ dx, (4.5) 

JR" JR" 

is a particular case of (031) for a = 1. 

The inequality (14.4p for a = 2 corresponds to the following one 

2t f e^^^^ \u{x)\^ dx < f \Hou{x)\^ dx, (4.6) 

JR" JR" 

which can be called as a Treve type inequality for the Dirac operator Hq. We 
cite [Tre61j for related inequalities involving differential operators. 

Example 4.3. Finally, let us consider the weight function 

&(a;) = r>0. 


We have 

h{r) = 5'(r) = rr-i(logr)e^('°s’')'/2, 


hence 

r~^{b{r)~^b (r)r) &(r)^ = . 
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If it is taken 


a{r) = 

then 

M(r) = r, 

and, thus, we have proved the following inequality 

T / |a;|-2e"P°8l"l)>(x)pda:< / \Houix)\‘^ dx (4.7) 

JR'i JR” 


for T > 0. 

Remark 4.1. A related inequality to (1471) was proved in |,Ter 86] (cf. [3 86], 
Theorem 2). However, in [Jer86| instead of the whole space R" is taken a domain 
H = {x G R" : a < |a;| < 6} assuming 0 < a < & < 1. In |Jer86) it is in fact 
proved the following one 

l|e"‘"u|U,( 0 ;C-) <q|e"‘"i7ow||L=(n;C”*) for all u G C™), (4.8) 

where ip{x) = (log |x|)^/2, r > 0, g = (6n — 4)/(3n — 6), and C depending only 
on a, 6, and n. By applying our arguments an inequality like (14.81) follows for 
q = 2 as well, but with a constant C depending on a, b, n and also r. 


5 A Carleman type inequality (another approach) 


In this section we study the following Carleman type inequality 

c f |x|’’|u(x)|^ dx < f |x|’^~'"^|7dou(x)|^ dx, r G R, (5-1) 

JR” JR” 

for the Dirac operator Hq. Recall that Hq denotes the Dirac operator for the 
case of a particle with negligible mass. 

It is easily seen that for the weight functions 

a(x) = \x\^/^, b{x) = |x|("+ 2 )/ 2 ^ 

as in (EH, the function M{r), defined as in the previous section, is identically 
null. 

In this connection the results discussed in previous sections cannot be applied 
to obtain an inequality with such weight functions. On the other hand, it seems 
that the inequality (15.11) in general fails. The following is true however. 

Theorem 5.1. Let n > 1 and let t be a real number such that t ^ 2k — n 
for integers fc G Z. Then, the inequality EH) holds for any function u in the 
Sobolev space W 2 ^(R";C"*) having compact support in the set R"\{0} with a 
positive constant c depending only on d := min^gz |t + n — 2k\. 


Proof. It will be convenient to pass in (15.11) to polar coordinates. We have 
c f f r^~^r'^\u{ruj)\'^ dr duj < 

Jo Js^-^ 
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y* y* iy ^'^+2 I ^ ^ ajilj I u (ra;) drdoj 


or equivalently, 


■J^ j r”-V^|u(rw)pdr(iw < ^ J r”-V^+2 u (rw) drdto. 


Further we let r = e*. Then 


and we have 


d d d -t f 9 j- 




J J e^" M(e*w) e^dtduj, 


e('^"''")‘|M(e‘a;)p dtdw < [ [ f-^ + M(e‘a;) dtduj. 

J-ooJs—i Vot / 


To remove the exponents denote 


We have 


v{t,uj) = e''*u{e*'uj) with 2v = T + n. 


e-^* = + e-'^V = 

at 


^ e- = e- , 


and the inequality becomes 

cj J \v{t,uj)\‘^ dtduj < J J — ly + v{t,uj) dtduj. (5.2) 

As is easily seen, it is sufficient to check the obtained inequality for functions of 
the form 

v{t,uj) = fit)vk{uj), 

where Vk are eigenfunctions (spherical functions) corresponding to the eigenval¬ 
ues of the operator L, i.e., 

Lvk = kvk- 


Recall that 


and that 


a{L) C Z, 


Li^L -\- Ti — 2 ) — — 
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where — denotes the Laplace-Beltrami operator of the sphere S'" We cite 
|Ste70| for the details concerning spectral properties of the operator A^. 


It can be supposed that 


Then (15.211 becomes 



\vk{uj)\'^ = 1 . 

1 


/ OO poo 

\f{trdt< / 

-OO j —OO 




2 


fit) 


dt. 


(5.3) 


In terms of Fourier transform the inequality (031) is written as follows 

/ OO poo 

-OO J — OO 

where 

V J — OO 

The last inequality reduces to the following estimate 

c < I — V + k p. 


It can be taken 

c < (r + n — 2fc)^/4, 

provided that 

\i^ — V -\- /cp = + [v — > {v — k)^ = (r + n — 2fc)^/4. 

This completes the proof. □ 


6 Inequalities for the Dirac operator with a mag¬ 
netic field 

Let Ha denote the Dirac operator with a magnetic field 

n 

Ha=Y^ aj {Dj - Aj{x)) + 13, 

i=i 

where A{x) = (Ai(a;),... ,An{x)) is a vector potential describing the magnetic 
field. Assume that A is a smooth vector-valued function with its components 
Aj sufficiently rapidly decreasing (at infinity) functions in order to preserve the 
same domain the Sobolev space W 2 ^(IR."; C"*) (or, respectively if it 

is confined on a domain D in R.") as for the corresponding free Dirac operator. 

For special classes of magnetic fields, but sufficiently large and important for 
applications, weighted estimates like those discussed in the previous sections, 
can be reduced to the usual case of the free Dirac operator. So, let the magnetic 
potential A be of the form 

A = V^p 
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(V = {d/dxi,... ,d/dxn) denotes the gradient operator), where is a real¬ 
valued function possessing required properties in accordance with those of the 
magnetic field A. 

Now, let an inequality of the form (11.51) . i.e., 

c ||au|| < ||6i?u||, u £ D, 


holds true. Then there holds the following one 

c\\e^'^au\\<\\e^‘^bHu\\, uGD, 

provided that |e*‘^| = 1 (it was supposed that tp is a real-valued function). 
Denoting 

V = 

the last inequality becomes 

C llaull < ||6 e^'^He-^^v\\ 

for V = with u £ D. 

According to the relation (1^ we can write 


i=i 




dxj 


1=1 


dip 


dxj 


a,, 


i.e., 


1=1 


or, what is the same, 

But 

is equivalent to 


1=1 


Q,j, 


Oi d . 


A = S/p 


dp 

dxi 


J2Ajix)aj =J2 
1=1 1=1 

This last fact can be easily explained by using the anticommutation properties 
of the matrices aj (j = 1,..., n). 

So, 

n 

= H-J2 = Ha, 

1=1 

i.e. 

= Ha, 

and, thus, we obtain an inequality 

c ||au|| < \\hHAv\\ (6.1) 


for the Dirac operator Ha with the same weight functions a, b and the constant 
c as in (USD. 
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Theorem 6.1. Under the above hypotheses suppose that the weight functions 
a, b are of class satisfying the condition (lO) . Then an inequality (Ell) for 
the Dirac operator Ha holds true for all functions v belonging to the Sobolev 
space W 2 ^(]R"'; C"*) and having compact supports in the set K" \ {0} with a pos¬ 
itive constant c depending only on a and b. 

In view of the discussion undertaken above the other results mentioned pre¬ 
viously can be extended in obvious fashion to the case of the Dirac operator 

Ha- 
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